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4.1 Practical Computation . . . . . . . . . . . . . . . . . . . . . . . . 17

4.2 Dissociation Limit . . . . . . . . . . . . . . . . . . . . . . . . . . 18

4.3 Component Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 19

4.4 Correlation Effects . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4.5 Population Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 21

5 Adiabatic States and Noncrossing Principle 22

6 CI Computation: GUGA Approach 23

1



6.1 Shavitt Graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6.2 Davidson Diagonization . . . . . . . . . . . . . . . . . . . . . . . 24

7 Perturbation Method: MP2 25

7.1 Perturbation Expansion of Accurate Energy . . . . . . . . . . . . 25

7.2 Convergency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

8 Coupled Cluster Computation 27

8.1 Practical Computation . . . . . . . . . . . . . . . . . . . . . . . . 27

8.2 Relationship between FCI and CC . . . . . . . . . . . . . . . . . 27

9 Optimization and Frequency Analysis of PES 28

9.1 RHF PES Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 28

9.2 General PES Analysis . . . . . . . . . . . . . . . . . . . . . . . . 28

10 Ground State DFT Computation 30

10.1 Energy Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . 30

10.2 Self-interaction and Fractional Occupation Number Error . . . . 31

10.3 Asymptotic Error and Hirao Correction . . . . . . . . . . . . . . 33

11 Time-dependent DFT computation 35

11.1 Practical Computation . . . . . . . . . . . . . . . . . . . . . . . . 35

11.2 Comparing With Direct SCF . . . . . . . . . . . . . . . . . . . . 37

11.3 Triplet Instability and Imaginary Excitaion Energy . . . . . . . . 37

12 GAMESS and H2MODEL “Manual” 38

12.1 Checking by GAMESS . . . . . . . . . . . . . . . . . . . . . . . . 38

12.2 H2MODEL “Manual” . . . . . . . . . . . . . . . . . . . . . . . . 40

2



1 Model Description

First we must define our model: hydrogen molecule (H2) with minimal basis
set. Here by “minimal basis set” we mean that for every atom we provide only
the minimum number of basis functions that can describe it. Since hydrogen
atom has only one electron, we provide only one s orbital for every hydrogen
atom. Two hydrogen atoms require two basis functions, i.e., two 1s functions,
the centers of which are located at the two atoms (this is not necessary). We
use lower case letters a, b to indicate the basis functions and capital letters A,
B to indicate the corresponding centers. For simplicity, we use the so-called
”STO-1G” basis set, that is:

χ1 ≡ 1sA = exp
(
−αr2A

)
(1.1)

χ2 ≡ 1sB = exp
(
−αr2B

)
(1.2)

Note that the basis functions have not been normalized. Now, we give the
parameters. Let the Gauss exponent be

α = 0.4800000000 (1.3)

and the bond length of hydrogen molecule be

RAB = 0.74013 Å = 1.39864 au (1.4)
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where “au” is the atomic unit, which is the unit when we let natural constants
such as electron charge and electron mass be unity.

The non-relativistic Hamiltonian within Born-Oppenheimer approximation
of hydrogen molecule is:

Ĥ =

2∑
i=1

((
−1

2
∇2
i

)
+

B∑
C=A

(
−ZH
riC

))
+

1

r12
+
ZHZH
RAB

(1.5)

Now our adventure in quantum chemistry starts!

I have written a very näıve code for the readers which can be used to re-
produce all results of the document and the results are compared with those
obtained by GAMESS.

Further Reading:

An excellent introduction to quantum chemistry has been provided by Atkin-
s’ classical work:

Molecular Quantum Mechanics (Fourth Edition). P. Atkins, R. Friedman;
Oxford University Press (2005).

More infromation about atomic unit can be found in:

Methods of Molecular Quantum Mechanics (Second Edition). R. McWeeny;
Academic Press (1992).

2 Molecular Integral Computation

Molecular integral computation is one of the most awkward part in quantum
chemistry programming. Fortunately, what we employ here are the uncon-
tracted GTO basis functions of zero angular momentum, and the model is a
homonuclear diatomic molecule, so we can derive clarify analytical expressions
for these integrals and in programming we can avoid the complex index trans-
formation problem that exists for higher angular momentum basis set therefore
it is easy to program.

Now we want to list the definitions of these integrals by means of Dirac
notation.

Overlap integral. This is the inner product of two basis functions. For
simplicity we use unnormalized ones. The overlap matrix S formed by Sab
being nearly singular implies that there exists linear dependence among the
basis functions and the redundant functions should be discarded. There is no
such dependence in our basis set.

Sab = 〈χa|χb〉 (2.1)

Kinetic integral. This is the inner product of the two basis functions and
kinetic operator. In fact, this seeming trivial operator is one of the most essential
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operators in quantum mechanics. It is this operator who is proportional to
the square of kinetic momentum operator that makes the Schrödinger equation
unsolvable and prevents the accurate form of the kinetic functional in density
functional theory from being found. We can only attribute it to the so-called
XC functional!

Tab =

〈
χa

∣∣∣∣−1

2
∇2

∣∣∣∣χb〉 (2.2)

Boys function. It is an auxilliary function to compute the integrals that

involves 1
r . In this document we will use a simple method “square formula” to

compute it.

F (x) =

∫ 1

0

exp
(
−xt2

)
dt (2.3)

Nuclear Coulomb integral. It is the inner product of the two basis functions
and nuclear attraction operator.

V Cab =

〈
χa

∣∣∣∣−ZHriC
∣∣∣∣χb〉 (2.4)

One electron integral. At this stage, we can compute the integral of the total
one electron operator.

Hab = Tab + V Aab + V Bab (2.5)

Two electron repulsion integral. It is quantum chemists’ nightmare and has
haunted in quantum chemistry since its birth. Its computation is usually the
most time-consuming part in almost all quantum chemistry procedures. Its
programming is also quite awkward. Fourtunately our basis set is simple so we
can avoid the complex procedure.

gabcd =

∫
χa (1)χb (1)

1

r12
χc (2)χd (2) dr1dr2 (2.6)

Long range repulsion integral. This is the long range part of two electron
repulsion integral, defined as:

gLCabcd =

∫
χa (1)χb (1)

erf (r12)

r12
χc (2)χd (2) dr1dr2 (2.7)

Now we give the explicit expressions for molecular integrals.

Overlap integrals:

Saa = Sbb =
( π

2α

) 3
2

(2.8)

Sab = Sba =
( π

2α

) 3
2

exp

(
−1

2
αR2

AB

)
(2.9)

Kinetic integrals:

Taa = Tbb =

(
3

2
α

)( π
2α

) 3
2

(2.10)
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Tab = Tba =

(
3

2
α− 1

2
α2R2

AB

)( π
2α

) 3
2

exp

(
−1

2
αR2

AB

)
(2.11)

Boys function:

F (x) =

∫ 1

0

exp
(
−xt2

)
dt (2.12)

Nuclear Coulomb integrals:

V Aaa = V Bbb = −π
α

(2.13)

V Baa = V Abb = −π
α

F
(
2αR2

AB

)
(2.14)

V Aab = V Bab = V Aba = V Bba = −π
α

F
(
2αR2

AB

)
exp

(
−1

2
αR2

AB

)
(2.15)

Two electron repulsion integrals:

gaaaa = gbbbb =
1

4

(π
α

) 5
2

(2.16)

gaabb = gbbaa =
1

4

(π
α

) 5
2

F
(
αR2

AB

)
(2.17)

gabab = gabba = gbaab = gbaba =
1

4

(π
α

) 5
2

exp
(
−αR2

AB

)
(2.18)

gaaab = gaaba = gabaa = gbaaa =

gbbba = gbbab = gabbb = gbabb =
1

4

(π
α

) 5
2

F

(
1

4
αR2

AB

)
exp

(
−1

2
αR2

AB

)
(2.19)

Long range repulsion integrals:

gLCaaaa = gLCbbbb =
1

4

(π
α

) 5
2 µ√

α+ µ2
(2.20)

gLCaabb = gLCbbaa =
1

4

(π
α

) 5
2 µ√

α+ µ2
F

(
αµ2

α+ µ2
R2
AB

)
(2.21)

gLCabab = gLCabba = gLCbaab = gLCbaba =
1

4

(π
α

) 5
2 µ√

α+ µ2
exp

(
−αR2

AB

)
(2.22)

gLCaaab = gLCaaba = gLCabaa = gLCbaaa =

gLCbbba = gLCbbab = gLCabbb = gLCbabb =
1

4

(π
α

) 5
2 µ√

α+ µ2
F

(
1

4

αµ2

α+ µ2
R2
AB

)
exp

(
−1

2
αR2

AB

)
(2.23)

Further Reading:
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A systematic description of basis set and throughout treatment of molecular
integral computation can be found in:

Molecular Electronic-Structure Theory, Chapter 6, 7, 8, 9. T. Helgaker, P.
Jørgenson, J. Olsen; John Wiley & Sons (2000).

3 Single Configuration RHF Computation

3.1 Practical RHF Computation

Now we can perform a single configuration Hartree–Fock computation. However,
since our model has a well-defined symmetry, we do not need iteration at all
because there are only two kinds of the linear independent combination, i.e.
symmetric and antisymmetric combination. The orbitals listed below can be
our initial guess:

ψ1 ≡ σg = Ng (1sA + 1sB) ; Ng =
1√

2 (Saa + Sab)
(3.1)

ψ2 ≡ σu = Nu (1sA − 1sB) ; Nu =
1√

2 (Saa − Sab)
(3.2)

Here “σg” and “σu” are the irreducible representation notations of the D∞h

point group to which H2 belongs. First we consider the ground state, that is
1Σ+

g state. Obviously the energy of σg is lower than that of σu because the
former has no nodes along the bond axis while the latter one has one node.

OK, we substitue the molecular integrals into the Ng and Nu expressions to
get the initial moleucar orbital coefficients matrix:(

ψ1 ψ2

)
=
(

1sA 1sB
)( 0.227958 0.474785

0.227958 −0.474785

)
≡
(

1sA 1sB
)
C

(3.3)

Evaluate the density matrix :

DAO
ab = 2Ca1Cb1 (3.4)

The equation is (3.4)-like since we have only one doubly occupied orbital ac-
cording to the aubauf principle.

Then we can compute the Fock matrix according to:

fab ≡ Hab +
∑
cd

DAO
cd

(
gabcd −

1

2
gadcb

)
(3.5)

So we can get:

f =

(
−1.614992 −2.994620
−2.994620 −1.614992

)
(3.6)
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The evaluation of overlap matrix is trivial:

S =

(
5.919948 3.701882
3.701882 5.949948

)
(3.7)

It is time to solve the Roothaan equation now:

fC = εSC (3.8)

Since C is unknown here, we have to solve this generalized eigenvalue equa-
tion. We can use the Lapack library in FORTRAN, or in MATHEMATICA we
can use the command:

F = {{-1.614992, -2.994620}, {-2.994620, -1.614992}};

S = {{5.919948,3.701882}, {3.701882, 5.919948}};

Eigensystem[{F, S}]

The resultant coefficients can be normalized:

C =

(
0.227958 0.474785
0.227958 −0.474785

)
(3.9)

ε =

(
−0.479081 0.000000
0.000000 0.621995

)
(3.10)

We can compute the total energy now. First we compute the electronic
energy:

Eelectron =
1

2

∑
ab

DAO
ba (Hab + fab) = −1.677174 (3.11)

and then nuclear repulsion energy:

En =
ZHZH
RAB

= 0.714979 (3.12)

So the final RHF energy is:

ERHF = Eelectron + En = −0.962195 (3.13)

Now our RHF computation of ground state of H2 is accomplished. Let’s
summarize our results:

ψ1 ≡ σg = 0.227958 (1sA + 1sB) ; ε1 = −0.479081 (3.14)

ψ2 ≡ σu = 0.474785 (1sA − 1sB) ; ε1 = −0.621995 (3.15)∣∣1Σ+
g

〉
=

1√
2

∣∣∣∣ σg (1)α (1) σg (2)α (2)
σg (1)β (1) σg (2)β (2)

∣∣∣∣ ; E1
RHF (RAB) = 0.962195 (3.16)
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Further Reading:

An execelent review of Hartree-Fock theory can be found in:

Quantum Chemistry, Chapter 3. A. Szabo, N. S. Ostlund; Dover Publica-
tions (1989).

A more advanced description of Hartree-Fock theory is given by Helgaker et
al :

Molecular Electronic-Structure Theory, Chapter 10. T. Helgaker, P. Jørgenson,
J. Olsen; John Wiley & Sons (2000).

3.2 Electronic States

Since we have only s basis functions, it is only possible to compute Σ state.
Since we have the σg orbital doubly occupied, we get the 1Σ+

g state. Of course,
it has many other configurations, all of which are listed below:

Φ1 ≡
∣∣X1Σ+

g

〉
= |σgασgβ〉 (3.17)

Φ2 ≡
∣∣A1Σ+

g

〉
= |σuασuβ〉 (3.18)∣∣1Σ+

u

〉
=

1√
2

(|σuβσgα〉 − |σuασgβ〉) (3.19)∣∣3Σ+
u

〉
= |σgασuα〉 and the other two components (Sz = 0,−1) (3.20)

At this moment we only consider the ground state, so the only configuration
that can interact with the ground state is Φ2 since by group theory arguement
we know that the direct product of the other two states with ground state and
the Hamiltonian operator contains no total symmetric representations, leading
vanishing matrix elements. Explicitly:

Γ (Φ1)⊗ Γ
(
Ĥ
)
⊗ Γ

(∣∣1Σ+
u

〉)
≡ Σ+

g ⊗ Σ+
g ⊗ Σ+

u = Σ+
u (3.21)

This conclusion will be useful in our configuration interaction computations.

3.3 Molecular Orbitals

Since H2 is one dimensional, we can plot the numerical and norm values of
molecular orbitals along the bond axis to understand the electronic distribution.
This can be achieved by MATHEMATICA:

alpha = 0.48;

RAB = 1.39864;

rA = -RAB/2; rB = RAB/2;

Ng = 0.227958; Nu = 0.474785;

Plot[{Ng*(Exp[-alpha*(r-rA)^2]+Exp[-alpha*(r-rB)^2]),

9



Nu*(Exp[-alpha*(r-rA)^2]-Exp[-alpha*(r-rB)^2])},

{r,-2*RAB,2*RAB},

PlotStyle->{Thickness[0.005], Thickness[0.01]}];

Plot[{Ng*(Exp[-alpha*(r-rA)^2]+Exp[-alpha*(r-rB)^2])^2,

Nu*(Exp[-alpha*(r-rA)^2]-Exp[-alpha*(r-rB)^{}2])^2},

{r,-2*RAB,2*RAB},

PlotStyle -> {Thickness[0.005], Thickness[0.01]}];

These commands can generate the graphics shown in Figure 1A, C. In Figure
1B, D, we plot the same graphics but the basis functions are STO rather than
GTO.

From the graphics, we find that for σg orbital the electron has a very high
probability distributing between the two nuclei while for σu orbital the electron
has a tendency to avoid the trasitional region. This reveals that the σg orbital is
bonding and the σu orbital is antibonding. This is compatible with elementary
quantum chemistry.

But a careful analysis suggests that there is qualitative difference between
GTO and STO. Obviously, STO has a cusp at the oringin while GTO is smooth
near that point. In bonding orbital, GTO overestimates the probability of elec-
tron populating in the central region and lowers the attraction energy between
electron and nuclear artificially, so the variational energy obtained by GTO is
higher that that of STO. In fact, due to the lack of non-differentiability, it is
very difficult to make the GTO basis set complete. Large numbers of basis func-
tions of very high angular momentum are therefore required to get the basis set
convenged.

A

-2 -1 1 2

-0.3

-0.2

-0.1

0.1

0.2

0.3

B

-2 -1 1 2

-0.2

-0.1

0.1

0.2

0.3

C -2 -1 1 2

0.1

0.2

0.3

0.4

0.5

D -2 -1 1 2

0.2

0.4

0.6

0.8

1.0

Figure 1 A, C are the the numerical and norm values of molecular orbitals of GTO

basis set along the bond axis respectively, and B, D are the same graphics except for

that the basis set is STO.
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3.4 Electron Density

We define one- and two-electron density as follows for N -electron wave function
Ψ (x1,x2, . . . ,xN ):

ρ1 (r) = N

∫
Ψ (rs1,x2, . . . ,xN ) Ψ∗ (rs1,x2, . . . ,xN ) ds1dx2 . . . dxN (3.22)

ρ2 (r1, r2) =
N (N − 1)

2

∫
Ψ (r1s1, r2s2, . . . ,xN )

Ψ∗ (r1s1, r2s2, . . . ,xN ) ds1ds2 . . . dxN

(3.23)

The physical meaning of ρ1 (r) is the probability density of locating an elec-
tron at position r and that of ρ2 (r1, r2) is the probability density of locating
two electrons simultanously at position r1 and r2. Substituting the ground state
wave function (3.17) into (3.22) and (3.23) leads to:

ρ1 (r) = 2σg (r)
2

(3.24)

ρ2 (r1, r2) = σg (r1)σg (r2) =
1

4
ρ1 (r1) ρ1 (r2) (3.25)

We note that ρ2 (r1, r2) is simply a product of ρ1 (r). In probability theory,
assuming the probabilities of realization of event A and B are p and q, in the case
of the probability of simultaneous realization of A and B is pq, this means that
event A and B is uncorrelated ; otherwise, if the probability of simultaneous
realization of A and B is not of the productive form, then event A and B
is correlated ! Obviously, the two-electron density obtained from Hartree-Fock
wave function of H2 reveals an uncorrelated picture, which is unphysical. This is
why people say that Hartree–Fock theory fails to treat the electronic correlation.

Further Reading:

The electron density is treated in detail in this classical work:

Methods of Molecular Quantum Mechanics (Second Edition), Chapter 5. R.
McWeeny; Academic Press (1992).

Parr and Yang’s book is more theoretical and helpful for understanding
density functional theory:

Density-Functional Theory of Atoms and Molecules, Chapter 2. R. G. Parr,
W. Yang; Oxford University Press (1989).

3.5 Component Analysis of Wave Function

Expand the Slater determinant of the ground state wave function (3.17):

Φ1 =
1√
2

∣∣∣∣ σg (1)α (1) σg (2)α (2)
σg (1)β (1) σg (2)β (2)

∣∣∣∣
= σg (1)σg (2)

1√
2

(α (1)β (2)− β (1)α (2))

(3.26)
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The wave function contains two parts: spatial and spin parts. Obviously,

1√
2

(α (1)β (2)− β (1)α (2)) (3.27)

is the spin eigefunction with S = 0.

Now we substitue the explicit expression of σg (3.14):

σg (1)σg (2) = N2
g (1sA (1) 1sA (2) + 1sB (1) 1sB (2)

1sA (1) 1sB (2) + 1sB (1) 1sA (2))
(3.28)

where the first two terms mean that two electrons are localized at a single
nuclear while the last two terms mean that two electrons are localized at each
nuclear. So the first two terms are ionic states and the last two terms are
covalent states. In RHF wave function the weights of ionic and covalent state
are identical. Common chemistry knowledge tells us that any chemical bond has
both ionic and covalent components. For H2 at equillibrium bond length, RHF
wave function is a good approximation.

3.6 The Dissociation Limit of RHF Wave Function

We transform the energy expression from AO basis to MO basis:

E1
RHF (RAB) = 2h11 + g1111 +

ZHZH
RAB

(3.29)

This is the energy of state Φ1. Also, we have the energy of state Φ2:

E2
RHF (RAB) = 2h22 + g2222 +

ZHZH
RAB

(3.30)

and triplet state 3Σ+
u :

E3
RHF (RAB) = h11 + h22 + g2211 − g2112 +

ZHZH
RAB

(3.31)

These expressions are more suitable for theoretical analysis. Let RAB →∞.
Obviously, the nuclear repulsion energy goes to zero, and:

h11 → hAA (3.32)

g1111 →
1

2
gAAAA (3.33)

Note that hAA = hBB etc, we can transform the expressions above into a more
symmetric form:

h11 →
1

2
(hAA + hBB) (3.34)

g1111 →
1

4
(gAAAA + gBBBB) (3.35)
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So, substitute these expressions into the energy expression (3.29) and we
have:

E1
RHF (∞)→ hAA +

1

2
(2hBB + gBBBB) ≡ E (H) +

1

2
E
(
H−
)

(3.36)

However, H2 in ground state should dicossiate into two H atoms in ground
state:

H2

(
X1Σ+

g

)
−→ H

(
2S
)

+ H
(
2S
)

This implies E1
RHF (∞) = 2E (H), however our RHF wave function unphysically

contains H− component.

How does this arise? We know that for RHF wave functions at arbitrary RAB
constains both ionic and covalent state with equal weights. This description is
valid at 0.74Å. But in the dissociation limit, the ionic component of excat wave
function is almost zero (symmetry unbreaking), so our RHF wave function in
the dicossiation limit is unphysical!

OK, if you have written a code to compute the above expressions, then a
simple loop can generate the potential energy curve, which is shown in Figure
2.

0.0 0.5 1.0 1.5 2.0 2.5
RAB (

◦
A)

1

0

1

2

3

E
n
e
rg

y
 (

a
u
)

RHF Energy

Figure 2 RHF potetial energy curve of the ground state of H2.

Further Reading:

The dicossiation of H2 is the focus of many studies in early days of quantum
chemistry:

Molecular Electronic-Structure Theory, Chapter 5. T. Helgaker, P. Jørgenson,
J. Olsen; John Wiley & Sons (2000).
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A Chemist’s Guide to Density Functional Theory (Second Edition), Chapter
1, 2. W. Koch, M. C. Holthausen; Wiley-VCH (2001).

3.7 The Stability of RHF

It is well known that UHF can correctly describe the dissociation of hydrogen
molecule. In UHF method orbitals of different spin have different spatial parts.
Let’s impose an unsymmetrical parameter:

ψα1 = N (1sA + λ1sB)α (3.37)

ψβ2 = N (λ1sA + 1sB)β (3.38)

N =
1√

(1 + λ2)Saa + 2λSab
(3.39)

Therefore the molecular orbitals of UHF wave function are not spatial symmetry-
adapted to the point group of H2. Construct the Slater determinant:

ΨUHF =
1√
2

∣∣∣∣ ψα1 (1) ψα1 (2)

ψβ2 (1) ψβ2 (2)

∣∣∣∣
= c21

∣∣X1Σ+
g

〉
− c22

∣∣A1Σ+
g

〉
− c1c2

√
2
∣∣3Σ+

u

〉 (3.40)

c1 =
N (1 + λ)

2Ng
, c2 =

N (1− λ)

2Nu
(3.41)

Obviously, UHF is not only spatial symmetry-unadapted but also spin symmetry-
unadapted because the wave function contains the component of

∣∣3Σ+
u

〉
, impos-

ing a spin contamination. Now optimize the wave function:

E =
〈
ΨUHF

∣∣ Ĥ ∣∣ΦUHF
〉

= c41E
1
RHF (RAB) + c42E

2
RHF (RAB) + 2c21c

2
2

(
E3

RHF (RAB)− g2121
) (3.42)

If we directly differentiate λ, we will get involved into awkward algebaric
computation. But we note that: c21+c22 = 1, so we can use a variable subsitution,
let c1 = cos (θ), c2 = sin (θ), then the energy will become a function of θ, and by
the second-order derivative of θ we can discuss the stability of the wave function.

What does the phrase “stability” mean? It is known that if ∂
2E
∂θ2

> 0 then

the energy is a minimum of θ, otherwise although ∂E
∂θ

= 0 it is however a
maximum rather than a minimum, and a wave function of lower energy exists.

When θ = 0 the UHF wave function will go back to RHF wave function.

If ∂2E
∂θ2

∣∣∣∣
θ=0

> 0, then the RHF wave function is indeed stable and a minimum

under this orbatal rotation (α− β mixing); if ∂
2E
∂θ2

∣∣∣∣
θ=0

< 0, this indicates that
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our constraint θ = 0 (that is: a pair of orbitals of different spin have the same
spatial part, or “time reversal symmetry”) has constrained the wave function
and by relaxing this constraint it should have a lower energy! By explicitly

calculating ∂2E
∂θ2

∣∣∣∣
θ=0

, we get the following conclusion:

∂2E

∂θ2

∣∣∣∣
θ=0

= 4
(
E3

RHF (RAB)− E1
RHF (RAB)− g2121

)
(3.43)

So:
E3

RHF (RAB)− E1
RHF (RAB) > g2121 =⇒ RHF is stable (3.44)

E3
RHF (RAB)− E1

RHF (RAB) < g2121 =⇒ RHF is unstable (3.45)

So, if the triplet state energy approaches singlet state, it will then interact
with singlet state and lower its energy. Of course, it also imposes spin contam-
ination. OK, let’s rewrite the UHF energy expression:

EUHF = cos4 (θ)E1
RHF (RAB) + sin4 (θ)E2

RHF (RAB)

+ 2 sin2 (θ) cos2 (θ)
(
E3

RHF (RAB)− g2121
) (3.46)

With (3.46) I think you can plot Figure 3:

2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0
θ

1.0

0.5

0.0

0.5

1.0

2
E
/
θ2

Stable RHF (RAB=0.74
◦
A)

Unstable RHF (RAB=2.64
◦
A)

Weak RHF (RAB=1.1399
◦
A)

Figure 3 The stability of RHF wave function for H2.

Obviously, at equillibrium bond length, RHF wave function is stable, but
when RAB = 5.000 au = 2.645 Å, RHF is unstable since it is a maximum, we
must switch to UHF to get a lower energy. In fact, the FCI computation below
shows that the natural occupation number of σu is 0.9579, nearly unity. This

15



means our wave function cannot suitably describe this physical picture. This is
Pople RHF/UHF stability benchmark.

In theoretical chemistry, this is called triplet instability, a result of orbital
rotation operator symmetry breaking. For rare cases even UHF is unstable, we
must in these cases use GUHF. However, GUHF is seldomly used in mordern
quantum chemistry. Instead, MCSCF is prefered.

We plot the ∂2E
∂θ2

∣∣∣∣
θ=0

versus RAB to find out the critical bond length:

0.0000 0.0005 0.0010 0.0015 0.0020
RAB (

◦
A) +1.139

0.003

0.002

0.001

0.000

0.001

0.002

0.003

H
e
ss

ia
n

RHF stable

UHF stable

2E

θ2

Figure 4 Hessian of orbital rotation operator.

Computation reveals that RAB = 1.1399469 Å is the critical bond length.
In Figure 3 we see that RHF becomes a weak minimum. This point at which
RHF begins to be unstable is sometimes called Coulson–Fischer point.

An elegant relationship between the stability of Hartree Fock wave function
and time dependent Hartree Fock theory will be shown in the section of “Time-
dependent DFT computation”.

Further Reading:

A good introduction of this topic can be found in:

Molecular Electronic-Structure Theory, Chapter 10. T. Helgaker, P. Jørgenson,
J. Olsen; John Wiley & Sons (2000).

This literature fully treats this topic by group theory:

J.-L. Calais, Gap Equations and Instabilities for Extended Systems, Adv.
Quan. Chem. 17, 225 (1985)
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4 CI Computation: Näıve Approach

4.1 Practical Computation

Having got the RHF wave function, we can now compute the correlation energy.
Now we will implement CISD approach. In fact, for our model, CID, FCI, and
CASSCF are identical!

In Section 3.3, we have mentioned that only one determinant Φ2 can interact
with the ground state. The linear combination of the two states is:

Φ = C1Φ1 + C2Φ2 (4.1)

Note that we have only one independent paremeter since we have a normaliza-
tion constraint: C2

1 + C2
2 = 1, so we get:

Φ = cos (ω) Φ1 + sin (ω) Φ2 (4.2)

then the energy can be written in the form:

ECI (ω) = 〈Φ| Ĥ |Φ〉
= cos2 (ω)E1

RHF (RAB) + sin2 (ω)E1
RHF (RAB) + sin (2ω) g2121

(4.3)

Differentiating ω:

∂ECI

∂ω
= − sin (2ω)E1

RHF (RAB) + sin (2ω)E1
RHF (RAB) + 2 cos (2ω) g2121 (4.4)

then let ∂ECI
∂ω

= 0, we get:

tan (2ω) =
2g2121

E1
RHF (RAB)− E2

RHF (RAB)
(4.5)

At this stage we can easily get CI coefficients. For RAB = 0.74013 Å, we
have:

tan (2ω) = −0.230934 (4.6)

ω1 = −0.113478; ω2 = ω2 +
π

2
= 1.45732 (4.7)

where ω1 and ω2 correspond to ground and excited state, respectively. Substi-
tute ω1 into (4.2) and (4.3), we can get the FCI wave function and energy:

ΦFCI = 0.993568
1√
2

∣∣∣∣ σg (1)α (1) σg (2)α (2)
σg (1)β (1) σg (2)β (2)

∣∣∣∣
−0.113234

1√
2

∣∣∣∣ σu (1)α (1) σu (2)α (2)
σu (1)β (1) σu (2)β (2)

∣∣∣∣ (4.8)

EFCI (RAB) = −0.979855 au (4.9)
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Further Reading:

For CI and MCSCF computation readers are refered to:

Molecular Electronic-Structure Theory, Chapter 11, 12. T. Helgaker, P.
Jørgenson, J. Olsen; John Wiley & Sons (2000).

This classical literature is from Roos and explains many important concepts
in quantum chemistry. Strongly reccommended! (This is the only “strongly
reccommended” paper in this document.)

B. O. Roos, The Complete Active Space Self-consistent Field Method and
Its Applications in Electronic Structure Calculations, Adv. Chem. Phys. 69,
399 (1987)

4.2 Dissociation Limit

From CI coefficients we see that the coefficient of RHF wave function is 0.993568,
so RHF is eligible to be a reference wave function for H2 at equillibrium bond
length.

How about in the dissociation limit?

First, when RAB →∞, Sab → 0, we get:

σg = N (1sA + 1sB) ; σu = N (1sA − 1sB) ; N =
1√

2Saa
(4.10)

and E1
RHF (∞) = E2

RHF (∞), so tan (2ω) = ∞, we have ω = −π4 ,
π
4 , and the

π
4 corresponding to excited state now does not concern us. Substitute ω and

(4.10) into (4.2), we get:

ΦFCI (∞) =
√

2N2 (1sA (1) 1sB (2) + 1sB (1) 1sA (2))

1√
2

(α (1)β (2)− α (2)β (1))
(4.11)

From this expression we know that in dissociation limit FCI wave function
contains only covalent states so its physical behaviour is correct! It gives the
true dissiciation picture. We can plot and compare the potential energy curves
of RHF and FCI.
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Figure 5 RHF and FCI potential energy curves of ground state of H2 molecule.

Before leaving this subsection, we can perform a similar analysis for excited
state, and the result is:

ΦFCI (∞) =
√

2N2 (1sA (1) 1sA (2) + 1sB (1) 1sB (2))

1√
2

(α (1)β (2)− α (2)β (1))
(4.12)

So the dissociation limit of the excited state is:

H2

(
A1Σ+

g

)
−→ H−

(
1S
)

+ H+

4.3 Component Analysis

In the last subsection, we see that the weights of Φ1 and Φ2 are nearly equal to

(1
2), thus we are interested in the dependence of weight on geometry. Plot C2

1

and C2
2 with the bond length:

19



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
RAB (

◦
A)

0.0

0.2

0.4

0.6

0.8

1.0

C
I 
co

e
ff

ic
ie

n
ts

c 2
1

c 2
2

Figure 6 State weights of ground state of H2 molecule.

From Figure 6 we know that near the equillibrium bond length the weight
of Φ1 is more than 99% and Φ2 contributes almost nothing. However, as the
molecule strengthes, the weight of Φ2 increases rapidly until it has the identical
weight with Φ1. Therefore at the strengthed geometry a single Φ1 is insufficient
to describe the physical picture. More configurations are required.

4.4 Correlation Effects

Let’s see why we say that FCI contains correlation effects. Consider one- and
two-electron density:

ρ1 (r) = 2C2
1σg (r)

2
+ 2C2

2σu (r)
2

(4.13)

ρ2 (r1, r2) =C2
1σg (r1)

2
σg (r2)

2
+ C2

2σu (r1)
2
σu (r2)

2
+

2C1C2σg (r1)σg (r2)
2
σu (r1)σu (r2)

2
(4.14)

So the two-electron density is not a simple productive form of one-electron
density, the motion of the two electrons are correlated ! Note that the last term
of the two-electron density is negetive, decreasing the probability of the two
electrons approaching each other, so this additional term decouples the electron
pair. For HF wave functions, the electrons with opposite spin can be close to
each other arbitrarily (uncorrelated), so it cannot describe the Coulomb hole in
molecules, but for FCI wave functions they are able to use larger orbital space
to correlate the electrons so the physical picture is more realistic.
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4.5 Population Analysis

Let’s compare the RHF and FCI one-electron density:

RHF: ρ1 (r) = 2σg (r)
2

(4.15)

FCI: ρ1 (r) = 2C2
1σg (r)

2
+ 2C2

2σu (r)
2

(4.16)

They are both diagonal in the orbital representation so the coefficients before
the orbitals are the natural occupation number of these orbitals. So in ground
state the natural occupation number are:

Model σg σu
RHF 2 0
FCI 2C2

1 2C2
2

At equillibrium bond length, within FCI framework we have C1 = 0.993568, so
the natural occupation number of σg is 1.974 and σu is 0.026, but within RHF
framework is 2.000 and 0.000, respectively. So in more accurate physical picture
(FCI), both bonding and antibonding orbital are partially occupied. Since 2.000
are close to 1.974, RHF wave function is reasonable. But in the dicossiation
limit FCI computation suggests that natural occupation numbers of bonding
and antibonding orbitals are both 1! Thus, in RHF computation of dicossiation
our treatment is inbalance.

In FCI framework, we can compute the bond order. At equllibrium bond
length:

Bond Order =
(1.974− 0.026)

2
= 0.974 (4.17)

So H-H is nearly a single bond. In the dicossiation limit:

Bond Order =
(1.000− 1.000)

2
= 0.000 (4.18)

So there is no convalent bond between the two hydrogen atoms, which is phys-
ically!

In quantum chemistry, it is well known that when some virtual orbitals have
a high natural occupation number, such as higher than 0.5, it usually requires a
mulit-configurational computation to get a balance treatment. Our computation
has confirmed this, since here FCI is identical to CASSCF(2, 2).

Further Reading:

Much more excellent description of this topic can be found here:

B. O. Roos, The Complete Active Space Self-consistent Field Method and
Its Applications in Electronic Structure Calculations, Adv. Chem. Phys. 69,
399 (1987)
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5 Adiabatic States and Noncrossing Principle

Let us summarize the two states obtained by FCI computation:∣∣X1Σ+
g

〉
= cos (ω) Φ1 + sin (ω) Φ2 (5.1)∣∣A1Σ+

g

〉
= − sin (ω) Φ1 + cos (ω) Φ2 (5.2)

EX = cos2 (ω)E1
RHF + sin2 (ω)E2

RHF + sin (2ω) g2121 (5.3)

EA = sin2 (ω)E1
RHF + cos2 (ω)E2

RHF − sin (2ω) g2121 (5.4)

tan (2ω) =
2g2121

E1
RHF − E2

RHF

(5.5)

So the potential energy curves of the two adiabatic states are:
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Figure 7 Potential energy curves of two FCI 1Σ+
g adiabatic states of H2.

Now consider whether the two potential energy curves can cross. Let:

EX = EA ⇒ cos (2ω)E1
RHF − cos (2ω)E2

RHF + 2 sin (2ω) g2121 = 0 (5.6)

⇒ tan (2ω)
2g2121

E1
RHF − E2

RHF

= −1⇒ tan2 (2ω) = −1 (5.7)

So ω =∞i, the wave functions are unacceptable. This means that two 1Σ+
g

states cannot cross. In quantum chemistry there is a “noncrossing rule”: For
diatomic molecules, two potential energy curves of states of the same symmetry
cannot cross. For the particular case of H2 we prove this rule.
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By the way, we can calculate the excitation energy at equilibrium bond
length: 0.3975471− (−0.9798483) = 1.3774 au.

Further Reading:

An introduction of potential energy surface crossing can be found here:

Excited States and Photochemistry of Organic Molecules, Chapter 4. B. M.
Klessinger, J. Michl; VCH Publishers, INC (1995).

For concepts of adiabatic, diabatic and nonadiabatic states, readers are ref-
ered to:

Ideas of Quantum Chemistry, Chapter 6. L. Piela; Elsevier (2007).

6 CI Computation: GUGA Approach

The näıve method to perform CI in Section 4 can only be used in our simple
model. For real CI computation more advanced techniques are required. Here,
we use the so-called GUGA approach to perform again the CI computation.
However, it involves too many details and it is impossible to introduce everything
here. The interested readers are encouraged to refer to the books listed in this
sections.

6.1 Shavitt Graph

First, we reindex the molecular orbitals:

MO σg σu
index 2 1

Since we want to perform the correlation computation of 1Σ+
g state, the refer-

ence state is Φ1 ≡
∣∣X1Σ+

g

〉
= |σgασgβ〉. Now we consider the CI computation

parameters (Here a, b and c stand for the number of doubly occupied, singly oc-
cupied and unoccupied orbitals ,respectively. This notations are from Paldus.):

basis function number: a+ b+ c = 2 (6.1)

electron number: 2a+ b = 2 (6.2)

spin: 2b = 0 (6.3)

We have a = 1, b = 0 and c = 1. We only select the 1Σ+
g states, so the Shavitt

graph is:
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Figure 8 The Shavitt graph of FCI space of 1Σ+
g state of H2 molecular. The state

indicated by border lines is reference state.

So in our FCI space we have two states, whose step vectors and lexical orders
are:

|03〉 ≡ Φ1; lexical order: 0 + 1 + 1 = 2 (6.4)

|30〉 ≡ Φ2; lexical order: 0 + 0 + 1 = 1 (6.5)

Our GUGA computation is ready now.

Further Reading:

Symmetric group, unitary group and GUGA are introduced by this expert:

The Symmetric Group in Quantum Chemistry. R. Pauncz; CRC Press
(1995).

6.2 Davidson Diagonization

For large scale CI computation we can use loop driven strategy, and the Hamilto-
nian matrix is never explicitly formed. But here we want to show how Davidson
diagonization works so we give its explicit expression:

H =

(
0.37992451 0.15496168
0.15496168 −0.96219458

)
(6.6)

In Davidson diagonization an approximate Hamiltonian matrix is required.
Here we use the identity matrix:

H0 =

(
1 0
0 1

)
(6.7)

The initial guess of the configuration coefficients is taken equally:

C(0) =

(
0.70710678
0.70710678

)
(6.8)
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Now our iteration starts. The essential formula of Davidson diagonization
is:

c =
(
H0 − E(n)

FCII
)−1 (

H− E(n)
FCII

)
C(n) (6.9)

C(n+1) = c + C(n) (6.10)

The iteration procedure is:

i E ∆E
0 -0.1361963 -0.1361963
1 -0.8039924 -0.6677961
2 -0.9614370 -0.1574447
3 -0.9781288 -0.0166918
4 -0.9796952 -0.0015664
5 -0.9798404 -0.0001452
6 -0.9798539 -0.0000134
7 -0.9798551 -0.0000012
8 -0.9798552 -0.0000001
9 -0.9798553 -0.0000000

The converged energy is -0.979855 au, which is identical with the result
obtained in Section 4.

Further Reading:

The derivation of Davidson diagonization in this book is very interesting:

Molecular Electronic-Structure Theory, Chapter 11. T. Helgaker, P. Jørgenson,
J. Olsen; John Wiley & Sons (2000).

7 Perturbation Method: MP2

7.1 Perturbation Expansion of Accurate Energy

The FCI energy obtained above is in fact the accurate solution of the Schr odinger
equation in this basis set. Substitue (4.5) into (4.3) we get:

EX =
E1

RHF + E2
RHF

2
+
E1

RHF − E2
RHF

2

√
1 +

(
2g2121

E1
RHF − E2

RHF

)2

(7.1)

Note that
√

1 + x = 1 + 1
2x+O

(
x2
)
, we get:

EX = E1
RHF +

g22121
E1

RHF − E2
RHF

+O
((
E2

RHF − E1
RHF

)−3)
= E1

RHF +

(
− g22121

2 (ε2 − ε1)

)
+O

((
E2

RHF − E1
RHF

)−2) (7.2)
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The last identity shows that our tuncated expression is accurate at the second

order. In fact, − g22121
2 (ε2 − ε1)

is a second order purterbation correction to E1
RHF,

which is called MP2 correlation energy correction. Substitute the numerical
values into it, we get EMP2 = −0.0109047.

One may ask: what is
g22121

E1
RHF − E2

RHF

? We have to recourse to diagrammtic

theory. In fact, we know that E1
RHF − E2

RHF has a shift relative to 2 (ε2 − ε1).
This shift arises partly from the following infinite summation of Goldstone dia-
grams:

12 1 2

1

2

1

2

1 1

+ ...

Figure 9 The Goldstone diagrams of H2 molecule.

Further Reading:

A first introduction of Perturbation theory with diagrammatic approach can
be found in:

Quantum Chemistry, Chapter 6. A. Szabo, N. S. Ostlund; Dover Publica-
tions (1989).

7.2 Convergency

Convergency is a very important topic in perturbation theory. The expansion√
1 + x = 1 + 1

2x+O
(
x2
)

converges if and only if x < 1. To enforce the energy
expansion converge, we require:

2g2121
E1

RHF − E2
RHF

< 1⇒ ∆ERHF > 2g2121 (7.3)

This means that only when the energy gap between the two interacted states
is sufficiently larger than their interaction (2g2121) can the perturbation correc-
tions make sence. In fact, in the dicossiation limit, the energies of σg and σu are

identical, so − g22121
2 (ε2 − ε1)

→∞, the perturbation corrected result is worse than

the uncorrected one! In fact, for RHF wave functions, the energies of excited
and ground state become close to each other, this excitated state becomes an
intruder state, to which must be paid attention in MPn computation.

Further Reading:

The convergency problem is treated in this good book:
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Molecular Electronic-Structure Theory, Chapter 14. T. Helgaker, P. Jørgenson,
J. Olsen; John Wiley & Sons (2000).

8 Coupled Cluster Computation

8.1 Practical Computation

Coupled cluster theory is very accurate but quite time-consuming. Here we want
to perform a CC computation. Construct a CCSD cluster operator:

T̂ =
1

2
t2211E21E21; E21 = a†2αa1α + a†2βa1β (8.1)

Here t2211 is the double excitation amplitude of exciting an electron from σg
to σu. Now we can get the cluster and energy equation:

g2121 + t2211 (g1111 + g2222 − 4g1122 + 2g2121 + 2 (ε2 − ε1))

+
(
t2211
)2
g2121 = 0

(8.2)

ECC = ERHF + t2211g2121 (8.3)

For larger molecules the equation will be rather complex. Fortunately, for
our model it is a quadratic equation and can be easily solved (we omit the
excitation root as done before):

t2211 = −0.113966 (8.4)

ECC = −0.979855 au (8.5)

8.2 Relationship between FCI and CC

You may notice that the results of CC and FCI are identical. That’s true,
because in our case CCSD = CID = FCI! Let see it:

exp

(
1

2
t2211E21E21

)
|σgασgβ〉 =

(
1 +

1

2
t2211E21E21

)
|σgασgβ〉

= |σgασgβ〉+
1

2
t22112 |σuασuβ〉 = |σgασgβ〉+ t2211 |σuασuβ〉

= |σgασgβ〉 − 0.113966 |σuασuβ〉
(8.6)

normalization−−−−−−−−→ 0.993568 |σgασgβ〉 − 0.113233 |σuασuβ〉 ≡ |FCI〉 (8.7)

Further Reading:

This book is written by the toppest experts in this field:

Many-Body Methods in Quantum Chemistry. I. Shavitt, R. J. Ballett; Cam-
bridge University Press (2009).
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9 Optimization and Frequency Analysis of PES

In practise, geometry optimization is performed by analytical derivatives (if
exists for this method). However, it will be a very tedious procedure even
for our simple model. Therefore we use numerical derivatives to perform the
computation.

9.1 RHF PES Analysis

First, we prove that RAB = 0.74013 Å is a stationary point on the RHF PES.
We use central difference method, let ∆R = 10−5:

∂E1
RHF (RAB)

∂RAB
=
E1

RHF (RAB + ∆R)− E1
RHF (RAB −∆R)

2∆R
= 2.98× 10−6

(9.1)
So the gradient is almost zero, this geometry is indeed a stationary point. Let’s
see if it is a minimum. Calculate the Hessian:

∂2E1
RHF (RAB)

∂R2
AB

=
E1

RHF (RAB + ∆R)− 2E1
RHF (RAB) + E1

RHF (RAB −∆R)

∆R2

= 0.6149 > 0

(9.2)

This confirms our geomrtry is a minumum. Let’s calculate its frequency:

ν̃ =
1

2πc

√
∂2E1

RHF (RAB)

∂R2
AB

/
µ = 7243.4241

√
∂2E1

RHF (RAB)

∂R2
AB

(9.3)

where c is the speed of light and µ is the reduced mass of hydrongen molecule.
Substitute the second-order derivative we get: ν̃ = 5679 cm−1.

9.2 General PES Analysis

Now we want to perform a general optimization, which can be applied with FCI,
MP2, CC, DFT, etc.

For E (RAB), we can expand it at an “initial geometry”:

E (RAB) = E
(
R0
AB

)
+

∂E

∂RAB

∣∣∣∣
R0
AB

(
RAB −R0

AB

)
+

1

2

∂2E

∂R2
AB

∣∣∣∣
R0
AB

(
RAB −R0

AB

)2
+O

((
RAB −R0

AB

)3) (9.4)

We truncate this expression at second order and we get Newton-Raphson opti-
mization formula:

RAB = R0
AB −

∂E

∂RAB

∣∣∣∣
R0
AB

/
∂2E

∂R2
AB

∣∣∣∣
R0
AB

(9.5)
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By (9.5), we can update RAB until convergence. The convergence rate is very

high, however sometimes ∂2E
∂R2

AB

∣∣∣∣
R0
AB

< 0 then the optimization will crash. For

large scale quantum chemistry it can implement trust-region strategy, but for
our small system this is unnecessary. In my code, for negative-defined Hessian,
I simply multiply it by −1 and when the bond length is too large RAB will be
set to 0.01 au. This method seems drude but it works.

Of course, in practical computation, exact Hessian is almolst never be formed
since its computation is expensive. Usually a semi-emperial Hessian is formed
and updated by several strategies such as BFGS method.

OK, we can perform the optimization now. For initial RAB = 0.5 Å, we
perform the optimization. In the table below we only list the frequencies:

Model H2MODEL GAMESS
RHF 5680.26 5679.16
FCI 5238.22 5235.57
CC 5239.37 5235.04

MP2 5471.60 5473.50
Xα 5227.61 5230.75

The errorbar is about 1 to 4 wavenumbers.

The zero point energy is computed from frequency:

ZPE =
1

2
~cω = ω/4.3894926134× 105 (9.6)

For example, the wavenumber of RHF is 5680.26 cm−1, then ZPE = 0.0129406
au.

Further Reading:

The techniques of molecular geometry optimization can be found in:

V. Bakken, T. Helgaker, The Efficient Optimization of Molecular Geometries
Using Redundant Internal Coordinates, J Chem. Phys. 117, 9160 (2002).

Optimization methods are fully treated in this book:

Practical Methods of Optimization (Second Edition). R. Fletcher; John
Weily & Sons Ltd (1991).

Frequency analysis can be refered to this book. Although it is old, it is
excellent and classical, worth reading!

Molecular Vibrations. E. B. Wilson, J. C. Decius, P. C. Cross; Dover (1980).
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10 Ground State DFT Computation

10.1 Energy Calculation

According to Kohn-Sham theory, the energy of ground state of H2 can be written
in the form:

E1
DFT (RAB) = 2h11 + 2g1111 +

ZHZH
RAB

+ EX [ρ1] + EC [ρ1] (10.1)

where ρ1 (r) = 2σg (r)
2
, EX and EC are exchange and correlation functional,

respectively. If we let EC = 0, EX = −g1111, we recover the Hatree-Fock
energy expression (We emphasize that is “expression”, not “theory”, since the
theoretical fundation of HF and DFT are completely different.) Here we perform
a simple DFT computation. We select an old functional, i.e. Xα functional,
letting:

EX [ρ1] + EC [ρ1] =

∫
(−0.7386× 1.05) (ρ1 (r))

4
3 dr (10.2)

We stop here to clarify why the coefficient looks like that. For Xα functional
combining with other functionals (e.g., in B3LYP), the coefficient is:

3

4

(
3

π

) 1
3
(

3

2
× 1

)
= −0.7386 (10.3)

But when used along, it will be scaled:

3

4

(
3

π

) 1
3
(

3

2
× 0.7

)
= −0.7386× 1.05 (10.4)

This functional had been very popular among physists, yet not among chemists.
Neither do I, but it is simple and suitible for pedagogical purpose.

If we can numerically integrate out

EX [ρ1] + EC [ρ1] =

∫
(−0.7386× 1.05)

(
2σg (r)

2
) 4

3

dr (10.5)

then everything becomes the same as Hatree-Fock theory. The numerical in-
tegration method used here is due to Becke. First, we decompose the whole
space into subspaces centered at the nuclei, and perform integration by spheri-
cal coordinate in every subspace, then sum over the subspaces. Integration by
spherical coordinate in every subspace are based on Gaussian quadrature princi-
ple: transforming continuous integration into discrete sum over the products of
values of integrated function at particular points in the space (called abscissae)
and the weights of the abscissae:∫

VXC [ρ1 (r)] dr =
∑

ri∈abscisae

VXC [ρ1 (ri)]×Weight (ri) (10.6)
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The priciples of generating abscissae and weight and how to decompose the
space involve too many details and will not be mentioned here. Readers are
refered to Becke in Further Reading for details. For our model, the energy is:

E1
DFT (RAB = 1.39864 au) = −0.892237 au (10.7)

Further Reading:

Classical work on density functional theory:

Density-Functional Theory of Atoms and Molecules. R. G. Parr, W. Yang;
Oxford University Press (1989).

This is suitable for computational rather than theoretical purpose:

A Chemists Guide to Density Functional Theory (Second Edition). W. Koch,
M. C. Holthausen; Wiley-VCH (2001).

The background of Gaussian quadure can be found in:

Numerical Recipes (Third Edition), Chapter 4. W. H. Press, S. A. Teukolsky,
W. T. Vetterling, B. P. Flannery; Cambridge University Press (2007).

Becke’s classical literature on numerical integration (details of (10.6)):

A. D. Becke, A Multicenter Numerical Integration Scheme for Polyatomic
Molecules, J. Chem. Phys. 88, 2547 (1987).

10.2 Self-interaction and Fractional Occupation Number
Error

Density-functional theory has become so successful that “B3LYP” has become
a synonym of quantum chemisty for computational chemists. When the exact
form of XC functional is discovered, quantum chemists might lose their jobs.
However, this seems to be impossible in recent years. So we would like to discuss
some systematical errors in current DFT through H2.

Self-interaction error. In last section, the ground state energy of two-election
H2 system is:

E1
DFT (N = 2) = 2h11 + 2g1111 +

ZHZH
RAB

+ EX [ρ1] + EC [ρ1] (10.8)

But for one-electron H+
2 system is:

E1
DFT (N = 1) = h11 +

1

2
g1111 +

ZHZH
RAB

+ EX [ρ1] + EC [ρ1] (10.9)

However, for one-election system, the interaction term g1111 should not have
appeared. This term oringinates from Coulomb interaction:

J [ρ1] =
1

2

∫
ρ1 (r1) ρ1 (r2)

r12
dr1dr2 (10.10)
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Substituting ρ1 = (σg)
2

into the above expression will result in 1
2g1111. This

term represents an electron interacting with itself, which is unphysical. This is
a systematical error in DFT, which is called self interaction error (SIE). This
problem exists in many molecular modelling fields, for example, when solving
Possion-Boltzmann equation.

For one-electron system, the exact form of XC functional is known:

EC [ρ1] = 0;EX [ρ1] = −1

2
g1111 (10.11)

So EX cancels the self energy. For general system, the exact XC funcitonal
is unknown, but inspired by the discussion above, we can use Hartree-Fock
exchange functional to cancel the self energy to some extent, for example, M06-
HF. But the explicit use of orbits goes beyond Kohn-Sham theory.

Fractional occupation number error. Is there more behind SIE? Since wave
funtion-based methods work in the 3N dimension Hilbert space but DFT work
in 3 dimension Euclid (real) space. In real space, we can examine the impact
on energy by density change. For N electron system, we have well-defined
energy, but for fractional electron? For example, when two hydrongen atoms
are infinitely far away from each other, each H has 0.5 electron. How to calculate
energy?

By quantum statistics, Perdew proves that for N + δ where 0 < δ < 1, the
energy is an interpolation between two integer number electron systems:

E (N + δ) = (1− δ)E (N) + δE (N + 1) (10.12)

Therefore, for accurate DFT, or accurate XC functional, the dependence of E on
N should look like the red curve in the following Figure, and at integer points,
the first derivative is discontinuous:

Ederiv,excatDFT
gap =

∂E

∂N

∣∣∣∣
N+δ

− ∂E

∂N

∣∣∣∣
N−δ

= I −A 6= 0 (10.13)

where I and A are ionization potential (IP) and electron affinity, respectively.
In fact, E is convex to N , which, more chemically, means the first IP is less
than the second IP, the second IP less than the third IP, and so no.

What about approximate XC functional? Say, Xα. Now electron number N
is not necessarily integer, we have:

ρ1 = N (σg)
2

(10.14)

Use this density to repeat the computations in last subsection, we get the fol-
lowing graph:
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Figure 10 Fractional occupation error.

Obviouly, Xα fails to satisfy the discontinuity. This is called fractional occupa-
tion error (FOE), which may overestimate the stability of delocalized molecules.
The may explain why TDDFT has significant error in computing large conjugate
system.

Further Reading:

For more details of SIE and FOE, please refer:

Aron J. Cohen, Paula Mori-Sánchez, Weitao Yang, Challenges for Density
Functional Theory, Chem. Rev. 112, 289(2012)

10.3 Asymptotic Error and Hirao Correction

Compare accurate to Xα exchange functional:

EHF
X [ρ1] = −

∫
ρ1 (r1)

1

r12
ρ1 (r2) dr1dr2 (10.15)

EXα
X [ρ1] =

∫
(−0.7386× 1.05)× (ρ1 (r))

4
3 dr (10.16)

We can derive the corresponding potential field by variation with density:

vHF
X (r) =

δEHF
X [ρ1]

δρ1
= −2

∫
1

|r− r′|
ρ1 (r′) dr (10.17)
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vXαX (r) =
δEXα

X [ρ1]

δρ1
=

(
−0.7386× 1.05× 4

3

)
× (ρ1 (r))

2
3 (10.18)

Therefore, their asymptotic behaviors are different, which is an important
error. Since Xα functional is derived from noninteractive uniform electron gas, it
cannot behave as 1/r asymptotically. This is asymptotical error. One may ask:
why don’t we just use Hartree-Fock exchange functional? The answer is that
in practice, HF exchange functional cannot cancle the error from coorelation
functional.

Hirao has proposed so-called range separate method to correct asymptotic
error:

1

r
=

erf (µx)

r
+

1− erf (µx)

r
(10.19)

We do this because it split the long range operator into a short range and long
range one (this strategy has been widely used in computational physics and
chemistry):
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x

Figure 11 Range separation strategy.

Therefore, we take HF functional as long range part and standard pure exchange
as short range part. We employ asymptotic expansion of Bessel function to
represent short range part:

EX = Elr + Esr (10.20)

Elr = −
∫

Ψ1 (1) Ψ1 (1)
erf (µr12)

r12
Ψ1 (2) Ψ1 (2) dr1dr2 (10.21)
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Esr =

∫
(−0.7386× 1.05)× (ρ1 (r))

4
3(

1− 8

3
a

(√
(π)erf

(
1

2a

))
+
(
2a− 4a3

)
exp

(
− 1

4a2

)
− 3a+ 4a3

)
dr

(10.22)

a =
µ

2 (3π2ρ1)
1
3

(10.23)

The computation of the expressions above are straightforward. Esr can be
computed with slight modification of Xα code, Elr can be computed from the
corresponding atomic molecular integrals. Here, let µ = 0.47, we have:

ELCDFT (RAB = 1.39864au) = −0.9404349 (10.24)

Further Reading:

For more on long range correction, please refer:

Hisayoshi Iikura, Takao Tsuneda, Takeshi Yanai, and Kimihiko Hirao, A
long-range correction scheme for generalized-gradient-approximation exchange
functionals. J. Chem. Phys. 115, 3540(2001).

11 Time-dependent DFT computation

11.1 Practical Computation

TDDFT is a novel theroy developed in recent years to treat excited states.
Accurate TDDFT, i.e. directly integrating time-dependent Konh-Sham equa-
tions, still remains the status of an expert’s method. In GAMESS the TDDFT
is in fact a linear-response form. Here we use TDHF to replace TDDFT for
simplicity.

The linear-response TDDFT formula is:(
A B
B∗ A∗

)(
X
Y

)
= ω

(
1 0
0 −1

)(
X
Y

)
(11.1)

where:

Aiaσ,jbτ = δστδijδab (εaσ − εiτ ) + giσaσbτjτ − δδτ cHFgiσjσaτbτ+

(1− cHF) 〈iσaσ| fστ |jτbτ〉
(11.2)

Biaσ,jbτ = giσaσbτjτ − δδτ cHFgiσbσaτjτ + (1− cHF) 〈iσaσ| fστ |jτbτ〉 (11.3)

where ω is excitation and deexcitation energy. fστ is called exchange-correlation
functional integration kernel. In the expressions above ij goes over occupied
orbitals and ab over virtual orbitals. When cHF = 1, the theory goes back to
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TDHF (Or more physically, random phase approximation, RPA); When cHF = 0,
it becomes pure TDDFT; When 0 < cHF < 1, it is a general TDDFT.

Since we want to show the explicit procedure of TDHF, we write down the
matrix elements for our model (only symmetry-unique elements are listed since
A and B are symmetrical):

A12α,12α = ε2 − ε1 + g1212 − g1122 (11.4)

A12α,12β = g1212 (11.5)

B12α,12α = 0 (11.6)

B12α,12β = g1212 (11.7)

Since the MO based molecular integrals are all available, we can solve this
generalized eigenvalue problem. The result is:

ω =


−0.768742
0.768742
−0.448244
0.448244

 (11.8)

(
X
Y

)
=


0.070212 0.703612 −0.117139 −0.697337
0.070212 0.703612 0.117139 0.697337
−0.703612 −0.070212 −0.697337 −0.117139
−0.703612 −0.070212 0.697337 0.117139

 (11.9)

where the row index are: 1α→ 2α; 1β → 2β; 2α→ 1α; 2β → 1β. To transform
the energy from au to eV, we multiply them by 27.27739, then:

ω =


−20.9185
20.9185
−12.1973
12.1973

 (11.10)

In this expression, the negative energies are from deexcitated states which do
not cocern us. Let’s see which states these vectors (X) belong to. The vec-
tors correspond to 20.9185 eV and 12.1973 eV are (0.703612, 0.703612) and
(−0.6973370.697337), respectively, so their corresponding states are

∣∣1Σ+
u

〉
and∣∣3Σ+

u

〉
.

Why there is not A
∣∣1Σ+

g

〉
? Because TDDFT can only describe singlet exci-

tation.

Further Reading:

This is a material for pedagogical purpose:

P. Elliott, F. Furche, K. Burke. Excited States from Time-Dependent Den-
sity Functional Theory. Reviews in Computational Chemistry (Volume 26)
(2009).
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Linear-response theory and the derivation of TDHF from it can be found in:

Methods of Molecular Quantum Mechanics (Second Edition), Chapter 12.
R. McWeeny; Academic Press (1992).

“Random phase approximation” can be refered to here. But this book is
very demanding in reader’s mathematics.

Propagators in Quantum Chemistry (Second Edition). J. Linderberg, Y.
Ohrn; John Wiley & Sons (2004).

11.2 Comparing With Direct SCF

We can use ∆SCF method to recompute the excitation energies:

ω
(∣∣X1Σ+

g

〉
→
∣∣A1Σ+

g

〉)
= 36.5197 eV (11.11)

ω
(∣∣X1Σ+

g

〉
→
∣∣1Σ+

u

〉)
= 20.9185 eV (11.12)

ω
(∣∣X1Σ+

g

〉
→
∣∣3Σ+

u

〉)
= 12.1973 eV (11.13)

OK! The energies for singly excitation coincide with those obtained by TDHF!

11.3 Triplet Instability and Imaginary Excitaion Energy

Note that TDHF matrix is asymmetric, therefore eigenvalues can be imaginary.
Now we perform a scan computation for H2 using the following input file for my
program:

H2MODEL
0.4800000000

0.7401300500

td

scan

1.1399359

0.000001

20

We can get following output:

RAB 1-SGU: real imaginary 3-SGU: real imaginary

1.1399449 14.3936686 0.0000000 0.0193771 0.0000000

1.1399459 14.3936562 0.0000000 0.0137458 0.0000000

1.1399469 14.3936437 0.0000000 0.0015567 0.0000000

1.1399479 14.3936312 0.0000000 0.0000000 0.0135683

1.1399489 14.3936187 0.0000000 -0.0000000 0.0192515

1.1399499 14.3936063 0.0000000 0.0000000 0.0236039
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We see that before 1.1399479 Å, the exciation energy is real; after 1.1399479 Å,
at which triplet instability appears, the exciation energy is imaginary. Is it a
happy coincidence? We transform(

A B
B∗ A∗

)(
X
Y

)
= ω

(
1 0
0 −1

)(
X
Y

)
(11.14)

into
(A + B) (A−B) (X−Y) = ω (X−Y) (11.15)

and substitute A, B:(
K2 2Kg1212

2Kg1212 K2

)
(X−Y) = ω2 (X−Y) (11.16)

where K = ε2−ε1+g1212−g1122. The eigenvalues of this equation can be solved
analytically. We take plus sign before ω:

ω =
√
K (K ± 2g1212) (11.17)

where “+” and “−” corresponds to siglet and triplet excitation, respectively.
Note that:

ε1 = h11 + g1111 (11.18)

ε2 = h22 + 2g1122 − g1212 (11.19)

so:
ω =

√
K (h22 − h11 + g1122 − g1111 ± 2g1212) (11.20)

We can prove that K is positive. Comparing the two expression:

∂2E

∂θ2

∣∣∣∣
θ=0

= 4 (h22 − h11 + g1122 − g1111 − 2g1212) (11.21)

and
ω− =

√
K (h22 − h11 + g1122 − g1111 − 2g1212) (11.22)

we know that when RHF/UHF instability occurs, triplet excitation energy be-
comes imaginary ! This has been proved in more general case.

12 GAMESS and H2MODEL “Manual”

12.1 Checking by GAMESS

Now our adventure in quantum chemistry has reached the end. If you don’t
believe these results, you can check all the results in the document by GAMESS.
As an illustration, to check the RHF result in Section 3, we prepare the following
input file:
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GAMESS
! H2.inp

$CONTRL

RUNTYP=ENERGY

SCFTYP=RHF

ICHARG=0

$END

$SYSTEM MWORDS=30 MEMDDI=21 TIMLIM=10000000.0 $END

$BASIS BASNAM(1)= Hatom, Hatom $END

$DATA

H2, bond length is 0.74013005 Ang

DNH 4

HYDROGEN 1.0 0.0000000 0.0000000 0.370065025

$END

$Hatom

S 1

1 0.4800000 1.0000000

$END

Comparing the results obtained in Subsection 3.1 and the following parts
in the output file, we know that our computation is reliable. Of course, the
molecular orbital coefficients are different because our basis funtions are unnor-
malized.

GAMESS
...

1 2

-0.4791 0.6220

A1G A2U

1 H 1 S 0.554645 1.155197

2 H 2 S 0.554645 -1.155197

...

ONE ELECTRON ENERGY = -2.3961852609

TWO ELECTRON ENERGY = 0.7190111256

NUCLEAR REPULSION ENERGY = 0.7149787382

------------------

TOTAL ENERGY = -0.9621953971

...

39



Other computations can also be checked. The input file can be deduced from
the one given above. For example, to check the MP2 computation, we only need
to modify $CONTRL$:

GAMESS
$CONTRL

RUNTYP=ENERGY

SCFTYP=RHF

ICHARG=0

MPLEVL=2

$END

12.2 H2MODEL “Manual”

The H2MODEL is a näıve code written by me to perform the computations for
H2 with minimal basis set. I have provide the source and Makefile and the
readers are encouraged to recompile it with some advanced compilers, such as
GNU or intel compilers1. Of course, the binary codes for Linux and Windows
are provided. The codes have been written in a platform independent manner
except for icon use in Windows.

The input of my code is very easy, at most 7 lines.

1. Single point eneryg. only 4 lines are requried: Gauss exponent α, H2 bond
length (Unit: Å), task (rhf, stability, fci, xalpha, mp2, cc, lcxalpha, td)
and a single word sp. For example, to reproduce the result in Section 10:

H2MODEL
0.5100000000

0.740100

xalpha

sp

2. Optimization. only 5 lines are requried: Gauss exponent α, H2 bond
length (Unit: Å), task (rhf, stability, fci, xalpha, mp2, cc, lcxalpha),
a single word opt and a maimum iteration step number. For example, to repro-
duce the result in Section 9:

H2MODEL
0.5100000000

0.740100

fci

opt

20

3. Scan. only 7 lines are requried: Gauss exponent α, H2 bond length (Unit:
Å), task (rhf, fci, xalpha, mp2, cc, lcxalpha, td), a single word scan,

1The pathscale compiler is problematic for my code and I have not found out the reasons
yet.
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initial bond length, step size and step number. For example, to reproduce the
result in Section 9:

H2MODEL
0.5100000000

0.740100

fci

scan

0.5

0.01

30

The usage of the code is very easy. For the input file foo.inp:

H2MODEL
0.5100000000

0.740100

fci

sp

This command will run the program and output is shown in Figure 12:

H2MODEL_WIN32.exe foo.inp

Or

./H2MODEL_LINUX foo.inp

Figure 12 Output of foo.inp on Windows and Linux (here is Debian).

Of course you can redirect the output by “>”.
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This document was first written in Feburary, 2011. Then it is constantly
modified in that and this year, and a ”second edition” has been released for some
time. You may notice that I don’t give detailed derivations of general theories
such as Hartree-Fock theory. It is unnecessary since in Further Reading the
references recommended have done an excellent job on it. I hope this document
can help you.

I would like to acknowledge Yuri for pointing out many typos in the docu-
ments.
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